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INTRODUCTION

In sport, unstable equilibria of mechanical systems oftcn have to be stabilized by the
human operators, i.e. by the sportsmen. A, typical basic csamplc for this is the sclf-
balancing of the human body.

Tlic analysisof the problcmof balancing an inverted pendulum proves that the human
opcrator has to apply a quite complicated control strategy if he wantsto acliicvc his god
in the presence of the time dclay of his/her reflexcs. 1t is a rule of thumb, that
increasing time dclay tends to destabilizcany dynamical system. To avoid the instability
naturally occurring in the mcclianical system and also caused by the time delay, the
human opcrator lias to choose tlic control parameters from a narrow region which can
bc found only after morc or less practicing. Above a critical value of tlic reflex dclay,
the balancing isimpossible.

Stabilization of the inverted pendulum is a cliallenging basic cxaniplc, henee, a long
scrics of publications lias appcarcd in this line for tlic last forty years (sce ¢.g. Higdon
(1963), Mori (1978), Stcpan (1984), Henders (1992), Kawazoe (1992)) citlicr about its
experimental or theoretical aspects. This problem is intcresting not only in biology, but
also in robotics, to construct biped robots (sce ¢.g.Hemami(1978)).

In tlic subscquent chapters, the stability chart in the space of the control paramctcrsis
constructed and the above mentionced critical reflex dclay is calculated. Tlic surprisingly
simplc”analytical results have intcrcsting physical meaning and they show a good
corrclation with simple csperinicntal obscrvations. These rcsults also provide some in-
vicw into the work of tlic organ called **labyrinthus” in tlic inner car which helps in the
sclf-balancing of the human body when our cycsarc closed.

MECHANICAL MODEL OF BALANCING

Consider tlic simplest planar mechanical model of tlic inverted pendulum shown in
Fig.1: Its lowest point slides smoothly along the horizontal line. This mechanical model
is the simplest possible model describing tlic **man-machine" systcm when somcebody
places the end of tlic stick on his fingertip, and trics to move this lowcst point of the
stick in a way that the stick is balanced at its upper position. The system has 2 dcgrecs
of freedom dcscribed by the general coordigates.. The angle phi is dctected together
with itsdcrivatives
the horizontal control force Q is determined by them in a way that the upper
= 0 position should be asymptatically stable.

/i
L N A
F g. 1. Mechanical model of stick balancing
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The nonlinear equations d motion assume theform
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from which the “cyclic” coordinate ¢ can easily be eliminated to be left with the
singlesecond order equation
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In the equations, g standsfor the gravitational acceleration.

The control force @ is considered in the simplest form of a PD controller
with constant gains P and D chosen by the operator appropriately:

Q) =Delt-n)+Pet=n): @

In this formula, the human reflex delay is also modelled by a constant time
lag (or dead time) r. Clearly, the trivia solution ¢ &0 in (1-2) describes the
equilibrium to be stabilized.

1

STABILITY ANALYSS

A stability analysisdf the ¢ = 0 position is required to find suitable con-
trol parameters P,D in (2). The variational.system of the motion equation (1)
with (2) at the trivial solution assumes the form of alinear retarded differentia
differenceequation:

50 - Lpt) + (Dot~ )+ Pplt =) =0.  (3)

Theorem L If thereisao delay in the system, i.e. 7 =20, then the trivial
solution of (3) isasymptotically stablein Lyapunov senseif and only if

P>mg and D>0.

'This statement can easily be proved by means of the wdl-known Routh-
Hurwitz criterion since (3) becomes a simple ordinary differential equation in
thiscase.

Theorem 2. Let the time delay'be positivein (3), i.e. > 0. The trivia
solution o (3) isasymptoticaly stableif and only if

= Ppin <P < P,,,“(w) = (mg + -—-w’) cosw, (4) |

wherew is the only value satisfying Dw = Pr tanw in theinterval (0, 1r/2)

Theproof of thistheoremcan be based on theanalysisd the corresponding
transcendental characteristic function

L %—-r + -—ITDAe“‘\ + -%1' e,

whether all itsinfinitely many characteristic rootssatisfy ReX < 0. Thisanalysis
issupported by the method presented in Stépda (1989).

The correspondingstability.chart in the planedf the gain parameters P,D
for constant delays ry < 73 <...ispresented qualitatively in FHg. 2 The encir-
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cled numbersshow the number of those characteristic roots A having positivereal
parts. For example, if too great proportional gain P is applied by an untrained
operator, 2 complex conjugate characteristic roots turn up in the right haf of
the complex plane. This refers to a Hopf bifurcation resulting periodic motion
mound the desired equilibrium. The recent experiments of Kawazoe (1992)al so
show a strong periodic component in the angle signas produced by untrained
operators when balancing an inverted pendulum.

o mg ,
Fig. 2. Sability chart
CRITICAL REFLEX DELAY

The stability chart in Hg. 2 also shows that the shaded stability domain
shrinks as the time delay 7 increases and.a certain critical valueit disappears.
Thiscritical dday iscalculated in

Theorem 46. There aways exist parameters P,D such that the trivial
solution o (3) is asymptoticaly stable if 7 < 7er, and the trivial solution is
always unstableif r > r.,, where the critical value is given by

, 7 ;
Ter = . ’3_9' . ) ‘ (5)
This s mpleresult can be proved by checkingthe condition Pmin < Pmex(w)

for the existence o any stability domain for Pin (4).

CONCLUSIONS

In spite of the fact, that the modd is smplified, and formula (2) of the
control force describes only the basic components of the human operator's be-
haviour, the above results are quite reliable even quantitatively. The deay o
our reflexes is in the range of 0.1 second through,our eyes and arms. Formula
(5) means that after a short practice, everybody is.able to balance a stick of
length [ =0.3 meters, when the cgitical delay ie rer & 0.1 second. Anybody can
experience that the longer tlre stick is, the easier it is to equilibrate it, since
T.r becomes greater. It isimpossible to balance short sticks like pencils, etc.
Finaly, if oneisabit tipsy, the longstick cannot-be equilibrated either, because
the delay of'the reflexes becomes too great. This may cause problemseven in
the self-balancing of the human body.
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d'ynamiic“ i%éceptox‘ -

static receptor

Fg 3 Dynamiicand static receptorsininner ear

The sdlf-balancing of hurhan beings is, of course, a very complicated phenomenon.
The body is controlled by US to stabilize it in a position which is physically unstable
with a lot of degrees of freedom. However, even a simple inverted pendulum cannot be
balanced by means of a single position signal or a single velocity signal. As Fig.2
shows, thereis no stability if either D=0 or P=0 in (3). The human brain also hastouse
both signals, and the ear does provide them. Roughly speaking, the semicircular canals
sense theangular velocity, while the attitude is sensed by meansof the otolith organsas
shown in Fig3. (seealso Stecle, 1979).

These conclusions may provide a good basis for developing new tests to check the
sportsmen's reflex delaysand balancing abilities (see also Bretz (1994)).
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